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Abstract

The problem of testing programs without test oracles is
well known. A commonly used approach is to use special
values in testing but this is often insufficient to ensure
program correctness. This paper demonstrates the use of
metamorphic testing to uncover faults in programs, which
could not be detected by special test values.
Metamorphic testing can be used as a complementary test
method to special value testing. In this paper, the sine
function and a search function are used as examples to
demonstrate the usefulness of metamorphic testing. This
paper also examines metamorphic relationships and the
extent of their usefulness in program testing.

1. Introduction

Program testing has been one of the major challenges in
establishing the correctness of a program. Theoretically,
though there are ways to prove that a program is correct,
it is not practical to do so for even moderately complex
programs [4, 6]. A common and practical way to ensure
program correctness is through program testing. Program
testing often involves in selecting suitable inputs as test
cases, executing the program and verifying results against
expected results.

Ideally, for any input to the program, there is a
mechanism to verify the correctness of the output.
Suppose p is a program computing function £ on domain
D, and a test set T with test inputs ¢ are used to test the
program p. The mechanism of verifying the expected
result is referred to as a test oracle but test oracles are not
always available [7]. They may be difficult and
expensive to obtain or they may be absent altogether.
Another limitation in program testing is what test data
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and how much of a test set should be used in order to
sufficiently verify that a program is working correctly. A
test set TaD is said to be reliable for p if (Vte T, pt) =
flv)) => (VteD, pt) =f). The testing of program p
with test set 7 is said to be reliable when T can reliably
detect that p(®) # f(¢) if p(r) contains a fault [5]. In reality,
the input domain can be infinitely large and it is not easy
to determine what test values should be used and
definitely not practical to test the entire input domain.
This limitation is referred to as reliable test set problem.
If test oracles are not available for testing, the verification
of program results may resort to the use of special test
values instead. Special test values are test values in
which their expected results are well known and can be
used to verify the program. For instance, the majority of
results from a sine program are not immediately
verifiable and only special test values with well known
expected outputs can be used for verification. Some of
the well known values are sin 7/ 3 and sin 7/ 6 etc..
Obviously, the use of special test values in testing has the
inherent issue of the reliability problem, that is, the set of
special test values used in testing may not be sufficient to
reveal any program errors.

In this paper, we propose to use metamorphic testing to
provide additional test cases to testing with special values.
Recently, metamorphic testing has been proposed to
ensure program correctness through verifying the
correctness of some properties for the program [1].
Special value testing is used as a mean to illustrate and
contrast with metamorphic testing in this paper and as
such other testing approaches are not considered.

Section 2 of this paper provides some background on
metamorphic testing. Section 3 contains two examples to
demonstrate how metamorphic testing can be used
effectively to complement special value testing. The
testing of the sine function is described in section 3.1.
The testing of a program that makes use of a combination



of binary and linear search is described in section 3.2.
The conclusion is presented in section 4.

2. Background of metamorphic testing

Metamorphic testing was proposed to overcome some of
the inherent problems that are present in testing software
without test oracles [2, 3]. Metamorphic testing involves
the verification of a metamorphic relation R of function f,
of which p is an implementation. The concept of
metamorphic relation R has a number of characteristics.
Firstly, metamorphic relationships are necessary
properties of the target function f. If any of these
properties does not hold during testing, the program p is
faulty. Secondly, a metamorphic relation is a relationship
among the inputs and outputs involving multiple
executions of p. In other words, program p must appear
in the relation more than once. For instance, sine
function has a well known property where for any inputs
x1 and x2, if x1 + x2 = # then sin(x1) = sin(x2). The
sine function is used twice with different parameters in
the execution of the sine program. As a reminder, the
testing of the relationship does not require verification of
actual outputs of sin(x1) and sin(x2).

Although special value testing provides a way to test
program correctness, there is no theoretical ground why
special value testing is sufficient in ensuring program
correctness. Metamorphic testing complements special
value testing by its ability to test the necessary properties
of the function. Moreover, the test data set used by
metamorphic testing is augmented by using random test
values.

3. Metamorphic Testing Examples

The examples used in this paper follow the general
approach where a) a set of special values and expected
test outputs are selected to be used in the testing; b) a
fault is introduced to a test program, called a mutant
program; ¢) metamorphic relations for the function are
defined; d) perform metamorphic testing as well as
special value testing.

Examples of metamorphic testing shown in this paper
make use of the special test values to test the
metamorphic relations. In addition, random test values
are also used to extend the test data set and provide
additional test cases for metamorphic testing.

3.1. Metamorphic Testing of Sine Function

Consider a program p which implements the sine function,
sin(B). The sine function £ has a number of well known
special test values that can be used in the testing of p.
Test data and corresponding expected results are
expressed in form of (0, sin(0)). Special values used in
the testing are the following elements {(0, 0), (=/6, 1/2),
(nl4, 112), (n/3, J3/2), (n/2, 1)}. The selected list of
special values have well known expected results between
0 and ©/2. In order to distinguish between special value
testing and property testing using metamorphic
relationships, we restrict ourselves to selecting special
test values from the range of 0 to n/2.

The program p (as shown in Figure 1) is an excerpt of the
correct program for computing the sine function. A fault
is introduced to program p to obtain faulty program fp.
The example below shows the fault that has been
introduced in fp. Faulty program fp is used to

1 double sin(double x, unsigned int goff)

24

3 short al;

4 al=_Dtest(&x);

5 switch (al)

6

7 case NAN:

8 errno = EDOM,;

9 return (x);

10 case 0:

11 return (goff ? 1.0 : 0.0);
12 case INF:

13 errno = EDOM,;

14 return (_Nan._D);

15 default:

16 {

17 double g;

18 long quad;

19

20 if (x <-HUGE_RAD| HUGE_RAD < x) {
21 g = x/twopi;

22 _Dint(&g,0);

23 X -= g * twopi;

24

25 g=x*twobypi;

26 quad = (long)(0<g?g+0.5:g-0.5);
27 goff += (unsigned long)quad & 0x3;
28 g = (double)quad;

29 g=(x-g*cl)-g*c2;

30 if ((<0.0?-g:g) <_Rteps._D) {
31 if (qoff & 0x1)

32 g=1.0;

33 }

34 else if (qoff & Ox1)

35 g =_Poly(g*g,c,7);

36 else

37 g *= _Poly(g*g.s,7);

38 return (qoff & 0x2 ? -g :g);

39 } /* default */

40 } /* case stmnt */

41} /*sin() */

Figure 1. Program p to compute sine function



demonstrate that using special test values are inadequate
for testing the sine function. The fault is a simple
variation of the existing program statement and could
have been made when constructing the program.
Although there are numerous faults that could be
introduced into the program, some of the faults produce
errors that can easily be detected using special test values
in testing and hence has little value in terms of
demonstration. The following faulty program, however,
produces errors that cannot be detected through the use of
the defined special values and hence is considered a
suitable candidate for demonstration purpose.

|27 goff = (unsigned long)quad & 0x1; // Error Statement |

Since metamorphic relations are the necessary properties
which the function f must hold, the following list of
metamorphic relations should hold in the testing of fp if
fp is working correctly.

Rgyp 2 SIN(X) = sin(X + 27)

Rg;,z - Sin(X) = -sin(x + 7)

Ry;,; : -sin(-x) = sin(x)

Ry - SIN(X) = Sin(7 - X)

Rg5 2 sin(X) = -sin(27 - X)

Ry @ Sin(x) + sin(y) + sin(z) - sin(x+y+z) =4 *
sin((x+y)/2) * sin((x +2)/2) * sin((y+2)/2)

Ryin7 2 SIN?(X) + sin¥(z/ 2 - x)=1

Riing 2 SIN(3 * X) = 3 * sin(x) — 4 sin®(x)

Riino 2 SIN(X)? - Sin(y)? = sin(x + y) * sin( x - y)
Riinzo 2 SIN(5 * X) = 16 * sin®(x) + 5 * sin(3 * x) —
10 * sin(x)

Table 1 shows the summary results for testing fp using
special test values and metamorphic testing. The first

column lists the input test data set that includes special
test values as well as random test values. The second
column, fp(x) = expected result, is the result of testing fp
using special values to verify against expected results.
All other columns R,,; are results of testing the
metamorphic relations. In Ry, Y and z values used are
2.35e+00 and 9.25e+00 respectively. The value of y in
R0 is 2.35e+00.

Metamorphic testing does not require verification of the
output of the sine function, that is sin(6). The result is a
verification of the inherent relationship to yield true or
false as a result of examining the relationship Ry, by
multiple executions of program p. Since a metamorphic
relation should always hold true for the given input
domain D where test data set T<D, therefore the program
is faulty if any of the metamorphic tests fails. An entry of
T in the table indicates that the relation holds true and F
indicates that the relation does not hold true
Computations of fp(x) using random test values as inputs
cannot be verified using special value testing. The results
are listed to show that had these random values been used,
the fault in fp() could not have been revealed. From the
test results (shown in Table 1), a number of very useful
observations can be made. When special test values are
used to test the faulty program fp, all tests yield the
expected results. In other words, the fault that has
deliberately been seeded in the faulty program fp cannot
be detected using the list of special values. But through
metamorphic testing, errors can be uncovered using
special values as test input. Metamorphic testing can be
carried out using random test values in addition to special
test values. Testers may freely select inputs randomly to
test relation Rg;,; without having to have expected results
for sin(0). In a sense, metamorphic testing provides a
self-test mechanism based on the inherent metamorphic
relationship. A single metamorphic relation may not
sufficiently test fp, for instance, R,;,; alone cannot detect

Table 1. Results from metamorphic testing of sine program fp

fp Test Results

fP (x) = Rsin 1 RsinZ Rsin3 Rsin4 Rsin5 Rsin6 Rsin 7 RsinS Rsin9 Rsin 10

expected

result
Special Test Values
0 T T T T T T F T T F T
/6 T T F T F T F T T T F
n/4 T T F F F T F T = T F
/3 T T F F T F F T F T F
/2 T T F F T F F T F F F
Random Test Values
1.71E-05 T T F T F T F T T F T
1.00E+00 T T F F T F F T F T F
2.13E-05 T T F T F T F T T F T
8.24E+00 T T F F T F F T T F F
1.29E-01 T T F T F T F T T T T
7.83E-01 T T F T F T F T T T F




any error using any of the special values and random
values. R, detects errors with all test cases. It uses the
sine function seven times in the relation and the repeated
invocations of the same function with different
parameters provide a higher chance of uncovering
program faults since each invocation with a different
parameter could have different execution paths. Four
metamorphic relations, namely Rg;,s, Rying, Ryino@Nd Ryin10s
make use of the sine function more than 2 times and they
have consistently uncovered faults in program fp. The
other six metamorphic relations R,;,, make use of the sine
function exactly 2 times, two of them did not uncover any
fault and the other four have uncovered faults in program
fp. The implication is that a metamorphic relation with
more invocations of the function is more likely to detect
errors.

On the other hand, given a specific fault, the ability of
each metamorphic relation to detect the error is still
depended on the nature of the fault and the test cases.
Metamorphic testing uses a black box testing approach
and it is not known before testing is performed as to what
type of errors it might detect, therefore it is useful to
perform metamorphic testing with all available
metamorphic relations.

Finally, metamorphic testing has the flexibility to use
random test values as input and not be restricted to only
using special values. The use of random test values has
the advantage over derived special values in that random
test values do not have any implied property within the
test data and are therefore more likely to avoid the
possible issue of testing the same program path.

3.2. Metamorphic Testing of a Search Program

Consider a program p which implements function f that
searches for an integer in an ordered data structure T7.
The input x to the function fis the integer value to search
for, and the output of the function is -1 if x is not found,
or when x is found, the program returns the starting and

is a set of integers sorted in ascending order. The
integers contained in T can be duplicated. An input
integer x is the test value used in the search.

A set of special values are defined for the testing of fp.
The selection of special values to test fp is based on using
particular isolated test values so that the test values would
test critical points of the program [8]. The following are
the criteria for choosing the special test values. (a) first
data element; (b) last data element; (c) non-existent
element; (d) all elements in T are identical; (e) T
contains a single element; (f) all elements in T are
distinct. Table 2 contains special values that are used in
the testing. Program p uses a binary search method to
search for the input x and then use linear search to find
the starting and ending positions of x. This is listed in
Figure 2. BinSearch() is used in the first call to find the
existence of x and if found, the position of x is then
passed to GetRange() to get the starting and ending
positions of x.

To demonstrate the error detection capabilities of both
special value testing and metamorphic testing, a fault is
introduced to program p to become a faulty program fp as
shown below.

|28 *I_max =*i_max + 2; //ERR

Based on the nature of the function, the following
metamorphic relations R,; are defined and they should
hold true for the search function f.
R, : T is an ordered list containing
ascending order,
V x;eT: fix, T) = (l, y2) where yI is the
starting position of x; and y2 is the ending position
ofx;oryl =-1ifx; £ T,
Vxy;=x;+1¢eT:flx;, T) =(y3, y4) where y3 is
the starting position of x, and y4 is the ending
position of x, or y3 =-1ifx, £ T,
then wI=-Dv @3=-D)v (p2+1)=y3)

integers in

\ S ! | > R,: T is an ordered list containing integers in
ending positions of x in T that is represented in the form ascending order,
of (1, y2). There are two inputs to test the program p. T

Table 2. Special values used in testing of search program fp
Special Test Values Test Value Test Value T Expected Test
X Results
a) x is at beginning of T -1 T, contains 900000 integers starting with | (0, 0)
element {-1} and ending with element {85963}
b) x is atend of T 85963 T; contains 900000 integers starting with | (899999, 899999)

element {-1} and ending with element {85963}

c) x does not exist in T

1000000 T; contains 900000 integers starting with | (-1)
element {-1} and ending with element {85963}

d) all elements in T are identical 1 T, contains 5 elements of {1,1,1,1,1} (0, 4)
e) T contains a single element 1 T; contains 1 element of {1} (0,0)
f) all elements in T are distinct 1 T, contains 5 element of {1,2,3,4,5} (0, 0)




1 int BinSearch(int x, int i_start, int i_end) // perform a
binary search of a number x over a range

24

3int i_mid;

4

5 if (i_start > i_end)

6 return -1;

7 else {

8 i_mid = (int)floor((i_start + i_end)/2);
9 if (i_array[i_mid] == x)

10 return(i_mid);

11 if (i_array[i_mid] > x)

12 BinSearch(x, i_start, i_mid - 1);
13 else

14 BinSearch(x, i_mid + 1, i_end );
15 }

16

17 } /* BinSearch */

18

19 int GetRange(int i, int *i_min, int *i_max) // linear
search for a min to max range given a location i
20{

21int i val;

22

23 *I_min=*i_max =1i;

24 /I search for upper limit

25 while (*i_max < i_arraysz) {

26 i_val = *i_max;

27 if (i_array[i] == i_array[i_val+1])
28 *i_max = *i_max + 1;

29 else

30 break;

31 }

32

33 /I search for minimum

34 while (*i_min > 0) {

35 i_val =*i_min;

36 if (i_array[i] == i_array[i_val-1])
37 *i_min = *i_min - 1,

38 else

39 break;

40 }

41 return O;

42

43 } /* GetRange */

Figure 2. Program p to perform search on duplicated numbers

T’ is {z} v T where z < head (7) and head(7)
denotes the first element of 7,

VxeT:fix, T) =(l, y2) where yI is the starting
position of x and y2 is the ending position of x or
yl=-1ifxgT,

VxeT andx #z: f(x, T’) = (¥3, y4) where y3
is the starting position of x and y4 is the ending
position of x or y3 =-1 if x g T,

then 1 =y3=-1) v (3=yl+ DA (y4=y2+1))

The above metamorphic relations R, are used in the
testing of faulty program fp. A summary of the results
are shown in Table 3. An entry of T in the table indicates
that the relation holds true and F indicates that the
relation does not hold. The results returned by the
program are also listed in the table. In the second column,
random test values cannot be used in the testing of fp(x)
due to the lack of expected test results, and hence they are
reported as N/A. The faulty program fp satisfies all the
test cases using special test values. Metamorphic testing
cannot detect any errors using special test values either.
After some analysis of the fault and the test cases, it is
found that this particular fault is not revealed because it is
data sensitive and works correctly with this set of special
test values.

Metamorphic testing is then performed using randomly
generated x and randomly generated 7 to check the
validity of fp. The results indicate that out of the tests
performed, Ry; detects 2 failures and R,, detects 6 failures.
fp(x, T) cannot use random x and T in its testing because
there is a lack of expected results. Arguable a tester
could inspect T and design more test cases in addition to

the special test values. With careful inspection of T, it is
found that when x = 3, the start and end positions of x are
(8, 12) and when x = 5, the positions are (15, 15). Using
these values to test fp will show that fp still works
correctly. The expected results of fp(x) when x =3 and 5
are obtained by manually examining 7;. For more
expected results to be obtained from a large data structure
such as 7; to be used in program verification, it would
require developing another program which is not
effective.

Metamorphic testing of R,; and Ry, on the other hand,
does not require any expected results of fp for verification
because they check the fundamental logic of fp. With
random test values, Six out of seven tests of R,, fail and
two test cases fail using R,; which indicates that Ry,
seems to be more sensitive to this particular fault than Ry;.
A closer examination of the results show that R,, always
fails in the condition (y4 = y2 + 1), this information hints
at the nature of the fault and would be useful for
debugging purpose. With the ability to generate
additional random test values for testing, more tests could
be conducted to augment the test cases of R,;and R,;,

4. Conclusion

This paper demonstrates the use of metamorphic testing
as a complement to special value testing. Metamorphic
testing can reveal faults where special value testing
cannot. Both example programs used in this paper lack
test oracles and hence special value testing is used.
Special value testing has the deficiency that it is not
possible to determine whether a special value test set is



Table 3. Metamorphic test results of faulty search program fp

fp Test Results

Jp(x) = expected
result

Rsl

RSZ

Special Test Values

x is at beginning of
T],’ x=-1

T fp(-1,T)=(0,
0)

fp('lr TI) = (yl, y2) = (0! 0)
(0, T;) = (y3,y4) = (1,2)
T:((2+1)=y3)

fp('lr TI) = (yl, y2) = (0! 0)
(-1, 1) = (y3,y4) = (1, 1)
T:((y3=yl+1)A(yA=y2+1))

xisatendof T x
= 85963

T fp(85963, T)) =
(899999, 899999)

fp(85963, T;) = (y1, y2) = (899999,
899999)

fp(85964, T;) =y3=-1
T:(y3=-1)

fp(85963, T;) = (y1, y2) = (899999,
899999)

fp(85963, T;°) = (y3, y4) = (900000,
900000)

T:((y3=yl+) A(yd=y2+1))

xisnotin Ty x=
1000000

T £»(1000000,
TI) =-1

fp(1000000 , T)) = y1 = -1
fp(1000001, T;) = y3 = -1
T:(yl=-1)v (y3=-1)

fp(1000000,7;)=yl=-1
fp(1000000, 7;') =y3=-1
T:(yl=y3=-1)

All elements in T,
are identical ; x =1

T:fp(1, 1) = (0,
4)

fp(l ' TZ) = (yl, y2) = (O, 4)
fp(2,T;)=y3=-1
T:(y3=-1)

fp(l ' TZ) = (yl, y2) = (O, 4)
(1, 1) = (y3,y4) = (1,5)
T:((8=yl+1)A(y4=y2+1))

T; contains 1
element; x=1

T:/p(1, T5) =0,
0)

(L, T5)=(yl,y2) = (0,0)
2, T;)=y3=-1
T:(y3=-1)

fp(1, T5) = (y1,¥2) = (0, 0)
ST =(y3,y4) = (1, 1)
T:((y3=yl+1)A(yd=y2+1))

All elements in T,
are distinct; x =1

T:fp(1, T)= (0,
0)

.fp(lr T4) = (ylr y2) = (Or O)
.fp(zr T4) = (y3r y4) = (lr 1)
T:((y2+1)=y3)

fp(lr T4) = (ylr y2) = (Or O)
M, T)=(y3,y4) =(1,1)
T:((y3=yl+1)A(yd=y2+1))

Random Test Values

3, T N/A @3, Ty) = (yl,y2) = (8, 12) fp@3, Ty = (yl,y2) = (8, 12)
Jp(4, Tp) = (y3, y4) = (13, 15) Sp@3, T) = (y3,y4) = (9, 14)
T:((y2+1)=y3) Fi((y3=yl+1)A(yd=y2+1))
5T, N/A Sp(5, T1) = (y1, y2) = (15, 15) Sp(5, T1) = (y1, y2) = (15, 15)
Sp(6, T1) = (y3, y4) = (16, 16) Sp(5, Tr’) = (y3, y4) = (16, 16)
T:((y2+1)=y3) T:((y3=yl+1) A(yd=y2+1))
348, T, N/A 1p(348, T)) = (y1, y2) = (3141, fp(348, T;) = (y1, y2) = (3141, 3146)
3146) fp(348, T;’) = (y3, y4) = (3142,
fp(349, T;) = (y3, y4) = (3146, 3146)
3146) F:((y3=yl+1)A(yd=y2+1))
F:((y2+1)=y3)
3256, T; N/A fp(3256, T;) = (y1, y2) = (33751, fp(3256, T;) = (y1, y2) = (33751,
33765) 33765)
fp(3257, T;) = (y3, y4) = (33766, fp(3256, T,’) = (y3, y4) = (33752,
33771) 33767)
T:((y2+1)=y3) F:((y3=yl+1) A(yd=y2+1))
33514, T, N/A fp(33514, T;) = (y1, y2) = (348575, | fp(33514, T;) = (y1, y2) = (348575,
348584) 348584)
fp(33515, T;) = (y3, y4) = (348585, | fp(33514, T;’°) = (y3, y4) = (348576,
348598) 348586)
T:((y2+1)=y3) Fi((y3=yl+1)A(yd=y2+1))
40048, T, N/A fp(40048, T)) = (y1, y2) = (417419, | fp(40048, T;) = (y1, y2) = (417419,
417436) 417436)
fp(40049, T)) = (y3, y4) = (417437, | fp(40048, T;’) = (y3, y4) = (417420,
417443) 417438)
T:((y2+1)=y3) F:((y3=yl+1) A(yd=y2+1))
50127, T, N/A fp(50127, T)) = (y1, y2) = (522843, | fp(50127, T;) = (y1, y2) = (522843,

522846)

fp(50128, T;) = (y3, y4) = (5228486,
522859)

F:((y2+1)=y3)

522846)

fp(50127, T;’) = (y3, y4) = (522844,
522846)
F:((y3=yl+1)A(yd=y2+1))




reliable.  Metamorphic testing alleviates this issue
through testing of metamorphic relationships and it
augments the number of test cases by using random test
values in its test data set.

Programs that can effectively make use of metamorphic
testing must have strong metamorphic relationships. A
strong metamorphic relationship is a relationship where it
involves the execution of the core functionality and as
such would effectively verify the function. A strong
metamorphic relationship also has a high sensitivity to
fault meaning that the relationship does not hold true for
most input data. Both examples shown in this paper have
strong metamorphic relationships. The likelihood for a
metamorphic relation to detect errors increases when the
metamorphic relation involves more invocations of the
function. As demonstrated, some metamorphic relations
are more sensitive to faults than others. This is due to the
nature of the faults and how they are related to the
metamorphic relation. Since it cannot be determined as
to what errors could be revealed by metamorphic testing
in advance, all available metamorphic relations, of which
each one might have sensitivity to different faults, should
be used as part of the test strategy.

One benefit of metamorphic testing lies in its ability to
use random test values to augment the test data set to
cover more of the test domain. Using random test values
has the advantage of providing a larger test data set and
this test set can be generated and used in testing through
automation which allows testing to be done more
efficiently.  Another benefit of metamorphic testing is
for a program to self-test without the need of test oracles,
it provides a complementary approach to program testing.
Like other testing approaches, metamorphic testing only
demonstrates the presence but not the absence of faults.
In other words, metamorphic testing does not prove the
correctness of the program and so it should be used in
addition to other testing methods such as special value
testing.

In conclusion, the objective of this paper is to
demonstrate that when special test values cannot
sufficiently test a program, metamorphic testing could
provide an effective way to complement the testing where
test oracle is lacking. This has been achieved by using
simple programs with strong metamorphic relationships.
With that in mind, metamorphic testing and its ability to
detect fault, perform program self-test and use randomly
generated test data in different application domains could
be researched into further.
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