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1 Intr oduction

In this paperwe proposea context-basedapproachto abstracttheo-
rem proving. The challengesstemfrom the needto identify an ab-
stractlevel for theoremproving where(lessimportant)information
can be temporarily ignoredso that a (plan for a) proof of the ab-
stractedproblemcanbedevisedto guidethe(re)constructionof the
object-level proof. Contextualization is realizedby preservingthe
logicalstructuresof theformulasof theoriginal representationwhile
pushingthelessimportantsubformulas,accordingto a relevancere-
lation, into the hierarchicalsubcontexts. This representationallows
the problemto be graduallyunfoldedduring the proof searchpro-
cessby hierarchicallyexploring thesubcontexts requiredto provide
supportfor thehypothesesusedin theproof plan.

Theunderlyinginferencemachineryis alsoequippedwith anas-
sertion applicationmodule which allows mathematicalassertions
suchasaxioms,definitions,theorems,andevenglobalandlocal as-
sumptionsto be applieddirectly to a proof situationto obtaintheir
logicalconsequences(from theappliedproofsituation)andfill in the
gapsopenedup by anabstract-level proof step.This guaranteesthat
ourachievementis two-fold: ontheonehand,weareableto carryout
effectivetechniquesto searchfor andconstructproofsfor aproblem;
on the otherhand,the constructedproof is readily at a sufficiently
high level of abstractionso that it canbe communicateddirectly to
humanmathematicianswithout undergoing a proof transformation
processasrequiredby mostmachine-generatedproofs.

2 Context-basedabstraction

While assertion-level reasoningempowerstheoremproving systems
with thecapabilityof makingconclusionsdirectly from mathemati-
calassertions(see[6]), it cannotoffermuchin termsof mathematical
discoveriesandproving creativity. Assertion-level reasoningshares
with traditional theoremproving the samerepresentation,viz. logi-
cal formulas,to formulatemathematicaltheoriesandproblems.On
theotherhand,many solutionsto mathematicalproblemsrely onjust
oneor two key stepswhichmighthelpunfoldthewholeproblemand
a proof of thetheoremcouldthensubsequentlybefoundby routine
applicationof standardinferencesteps.It is this capability of dis-
coveringsuchkey stepsthat is still missingfrom our assertion-level
reasoningmechanism.Wealsobelieve thatdifferentrepresentations,
generallyat different levels of abstraction,are requiredto achieve
suchcapability.

In therestof this paper, following Gentzen[5], we formulatethe
problemsof theoremproving assequents

�����
where
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a finite setof wffs. Sequentsformulatingproblemsarecalledprob-
lem theories in this paper. To simplify the presentation,we further
assumethatall quantifiersareremovedby skolemization,leaving the
formulaswith only freevariables.

Definition 1 Let a problemtheory � be given, a context for � is
a tuple 
 variables � constants � functions � relations � assertions � ,
where:�

variables is thesetof freevariablesoccurringin � ;�
constants is thesetof constantsoccurringin � . Theseincludeall
skolem termswhich arepossiblyparameterizedon the variables
from variables;�
functions and relations are the setsof functionsand relations,
respectively, occurringin � ;�
assertions is thesetof (local)assertionswhich,at least,contains
the definitionsof all domain-specificfunctionsandrelationsoc-
curringin � .

Definition 2 Let a problem theory � be given, a contextualized
problemof � is a triple Context � Body � Head, where:�

Context is a context for � ;�
Head is a formulato beprovedby theprover; and�
Body consistsof two parts:
(a)Supports is a (possiblyempty)list of supportlines. Eachsup-
port line � consistsof: (i) a formula, calledthe supportformula
of � anddenotedas ������������� ; and(ii) a (possiblyempty)list of
contextualized(sub)problems,calledtheconditionsof � .
(b) Conditions is a (possiblyempty)list of formulaswhich need
to beprovedfor theproblemto becompletelysolved.

Let � be a contextualizedproblemfor the problemtheory
��� �

,
we will usethe accessor“.” to obtain the appropriatefields in � ,
e.g. �"!Context ! #	$&%(' $*)*+ ,.- is thesetof variablesdefinedin thecontext
of � . A contextualizedproblem � is well-definedif (i) all symbols
occurringin

� �"!Head

��/� �������������0�1�324�5!Body



aredeclared

in its context, and(ii) Head is a subformulaof
�

. In this paper, we
consideronly well-definedcontextualizedproblemsand will refer
to themsimply ascontextualizedproblemsunlessexplicitly stated
otherwise.

Example1 In this examplewe considerthe challengeproblemfor
automatedtheoremprovers(asproposedby Bledsoe[4]) in elemen-
taryanalysisto prove that“limit of sumis sumof limits”. Following
Bledsoe,we will referto this problemasLIM+. Theproblemtheory
for LIM+ canberepresentedby thefollowing sequent:6�7989:;=<?>A@CBEDGFIHKJ5L�M 7989:;=<N>PO*BQDGF�HKJ�RTS 7989:;=<?>&B(@UBQDGFUVWO*BQDGFXFIHKJ5L�VYJ�R



SincetheZ formal definitionof the limit of a function
�

at a cluster
point [ (seee.g.[2]) is:

\^]^_;=<?> � ��`a�cb dKefhgji kmlon SpB�q	r i kmlts MuB f ; i DwvHKxyMwz D?{WxGz lts S|z }mBEDGFP{0J~z ltn F�F�F
we can accordinglyexpandthe above sequent,with the definition
of
\^]^_;=<N> , andperformskolemizationandnormalization,yielding the

expandedproblemtheory.6�kAl?n L&S kAl skor���B n L^F�M~BEDULavH�xGMyz DUL�{�xGz l skor���B n L^F�S�z @CBQDGF.{�J5L=z lNn L�FXMkalNn R�S kal skor�� B n RQF�M~BQDGR�vH�xhMyz DGR*{�xhz l skor�� B n RQF�S�z O*BEDGF.{�J�R&z l?n R.FS�B kml��j�&��g S�B kml�s MwB sko; B s F~vH/xTM0z sko; B s Fa{WxGz lts Sz B�@CB sko; B s F�FPVWO*B sko ; B s FXF�FI{oBEJ5L�VoJ�R�F�z l��j�&��g FXF�F
This problemtheory can now be reformulatedin the proposed

context-basedlanguageasdepictedin Figure1, where�"�N�� ’sarethe

Problem: LIM+

�5���������&�
variables: ���	� ; � L ��� ; � L �	� ; !�!�!
constants: ���G� g ��� ; ����� ; �����~��� ; [P��d���d L ��d R �	� ; !.!�!
functions: �9!Q�����¡ ¢� ; £U�¥¤0�=�¦ ¢� ; !�!�!
relations: §N��¨N����©ª� ; !�!�!
assertions: Triangletheorem;Definitionsof �9!Q� �j«���¬N��­ ; !�!�!® ��¯	° �9��£���`a�I«/¤a��`a���I¬±�²d L «³d R ����§¡�=��� g

´ ��°�µ ¶�·	¸	¸*¹�º¥»�¼
� L : ( �²­�§¡���G� g � ; ½�¾ )� R : ( �����G� ; ���&�m¿b [h� ; ½�¾ )�UÀ : ( ��� �=��� ; ������¬�[A�G§Á��� ; ½ �c� ÀL ¾ )�UÂ : ( ��� £���` L ��¬/d L ��§±� L � ; ½ �c� ÂL ���c� ÂR ���c� ÂÀ ¾ )�PÃ : ( ��� ¤a��` R ��¬/d R �*§¡� R � ; ½ �c� ÃL ���c� ÃR ���c� ÃÀ ¾ )Ä ¹.Å	Æ�Ç »�Ç ¹jÅ�¼

Figure1. ThecontextualizedproblemLIM+.

contextualizedsubproblemsproviding thelocalconditionsfor there-
spective supportsthey belongto. For instance:

�c� ÀL bÈ½�¾A�U½�¾I���²­�§¡�&�
i.e. its context and body are empty1 and its headis the formula­�§É� . Note that this is the local conditionof the supportline � À .
That is, the proof obligationfor this subproblemis not necessarily
dischargedif a proof for themainproblem,i.e. LIM+, doesnot use
thesupportformula ��� ���G� ; ���&�c¬�[A�G§±��� . This is particularlyuseful
in e.g.proof by caseanalysisin which a (conditional)assumption
is only neededin oneof thecasesbut not theothers.More complex
are the casesof the supportlines � Â and � Ã which are essentially
have the samestructure.For instance,when ��� £���` L �T¬¦d L �T§Ê� L �
is invoked in a proof of ���9��£���`a�~« ¤a��`a���~¬Ë�²d L «4d R ����§|����� g �
then the subproof obligations ­�§±� L ; � `ª¬�[A�G§¡���G� r�� �²� L �
(underthesupport ­o§Ì���G� r�� �²� L � ); and `K¿b¦[ arerequiredto be

discharged.Thesecorrespondto the subproblems�c� ÂL , �c� ÂR , and�c� ÂÀ , respectively.

3 The main algorithm
In theconnectionmethod(see[3, 1]), first-orderformulasarerepre-
sentedastwo-dimensionalobjects(i.e.matrices).Thisrepresentation
enablespowerful proof methodsandprocedures.By takingtherele-
vancerelationbetweenformulasinto account,we canaddthe third
dimensionto theaboverepresentation.By pushingthegivenproblem

L Observe that ÍAÎ ÀL inherits the super-context for problemLIM+ in which
thevariable

s
andtheconstants

l
and
k

aredeclared.

theoryalongthis dimension,we areableto contextualizeour prob-
lem, e.g.asillustratedin Figure1 for theproblemtheorypresented
in Example1.

TheideabehindalgorithmCONTEXTUALIZATION, whosedetails
aredescribedin thefull versionof thispaper, is to identify theroleof
a subformulaoccurringin theproblemtheoryin relationto the for-
mulasin focus.To thatend,we first reformulatetheproblemtheory�=Ï L �.!�!�!�� ÏÑÐU
?�0� into thegoalformula Ò�Ó Ï LAÔ !�!�! Ô ÏmÐªÕÖ� .
Every subformulaof Ò is thenassigneda polarity which is either «
or ¬ asfollows:2�
Ò is assignedthepolarity « ;�
If aformula

� Ó�×"Ø is assignedthepolarity � then Ø is assigned
thenegationof � ;�
If a formula

� ÓÙØ³ÚwÛ , or
� ÓÙØ Ô Û , is assignedthepolarity� thensoare Ø and Û .

Now, providedthepolarityof aformula Ü andtheconnective link-
ing its immediatesubformulaswe canidentify the role of a subfor-
mula of Ü to the other, e.g. if Ü4ÓÝÜ L  ÞÜ R and is assignedthe
polarity ¬ then Ü L providestheconditionfor Ü R (equivalently, ×cÜ R
providestheconditionfor ×cÜ L ), or if Ü�ÓÙÜ L�Ô Ü R andis assignedthe
polarity « then Ü L and Ü R areindependentof eachotherandcanbe
consideredseparately(e.g.asdifferentsupportsfor a goal formula),
etc.

4 Discussion

Ourapproachfor context-basedabstractionaimsatreformulatingthe
problemto (hopefully) provide the connectionto the key stepsre-
quiredto unfold andsolve the original problem.However, thecon-
textualizationprocessstill critically dependson the relevancerela-
tion, viz. ß?à=á , andthefocusof theproblem,viz.

�
, aroundwhich the

problemis contextualized.
Relevancehaslong beenrecognizedas one of the more impor-

tantresearchareasof AI. For instance,a specialissuedevotedto the
topicof Relevancewaspublishedby AI Journal in 1997.As hasbeen
mentionedearlierin thispaper, onewayto definearelevancerelation
for contextualizationis to consideronly atomicformulassharingat
leastoneproblem-specific(vs.domain-specificandgeneral)symbol
asbeingrelevant.

Findingtheright partof theproblemto placethefocusonandcen-
ter all activities for solvingtheproblemaroundthefocusalsoplays
an essentialpart in the processof tackling mathematicalproblems.
For instance,a standardrepresentationfor theproof of theproblem
in Example1 waspresentedby BartleandSherbert[2], calledthe“ � -� game”.Usingthis representation,thefocusformulaof theproblem
canbeidentifiedimmediately.
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